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The conflict between Bell-Z˙ukowski inequality and Bell-Mermin inequality
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Department of Physics, Korea Advanced Institute of Science and Technology, Daejeon 305-701, Korea
(Dated: November 19, 2018)
We consider a two-particle/two-setting Bell experiment to visualize the conflict between Bell-
Z˙ukowski inequality and Bell-Mermin inequality. The experiment is reproducible by local realistic
theories which are not rotationally invariant. We found that the average value of the Bell-Z˙ukowski
operator can be evaluated only by the two-particle/two-setting Bell experiment in question. The
Bell-Z˙ukowski inequality reveals that the constructed local realistic models for the experiment are
not rotationally invariant. That is, the two-particle Bell experiment in question reveals the conflict
between Bell-Z˙ukowski inequality and Bell-Mermin inequality. Our analysis has found the threshold
visibility for the two-particle interference to reveal the conflict noted above. It is found that the
threshold visibility agrees with the value to obtain a violation of the Bell-Z˙ukowski inequality.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Local and realistic theories assume that physical prop-
erties exist irrespective of whether they are measured and
that the result of measurement pertaining to one system
is independent of any other measurement simultaneously
performed on a different system at a distance. As Bell
reported in 1964 [1], certain inequalities that correlation
functions of a local realistic theory must obey can be vio-
lated by quantum mechanics. Bell used the singlet state
to demonstrate this. Likewise, a certain set of correlation
functions produced by quantum measurements of a sin-
gle quantum state can contradict local realistic theories.
That is, we can see the conflict between local realism and
quantum mechanics. Since Bell work, local realistic the-
ories have been researched extensively [2, 3]. Numerous
experiments have shown that Bell inequalities and local
realistic theories are violated [4, 5, 6, 7, 8, 9, 10, 11, 12].
In 1982, Fine presented [13, 14] the following exam-
ple. A set of correlation functions can be described with
the property that they are reproducible by local realistic
theories for a system in two-partite states if and only if
the set of correlation functions satisfies the complete set
of (two-setting) Bell inequalities. This is generalized to
a system described by multipartite [15, 16, 17] states in
the case where two dichotomic observables are measured
per site. We have, therefore, obtained the necessary and
sufficient condition for a set of correlation functions to
be reproducible by local realistic theories in the specific
case mentioned above.
A violation of ‘standard’ two-settings Bell inequali-
ties [15, 16, 17, 18, 19, 20] is sufficient for experimental-
ists to show the conflict between local realism and quan-
tum mechanics. However, it is necessary to create an
entangled state with sufficient visibility to violate a Bell
inequality. Furthermore, measurement settings should
be established such that the Bell inequality is violated.
We consider, therefore, the following question: What is
a general method for experimentalists to see the conflict
between local realism and quantum mechanics only from
actually measured data?
In many cases one can build a local realistic model for
the observed data. However, many such models are arti-
ficial and can be disproved if some principles of physics
are taken into account. An example of such a principle is
rotational invariance of correlation function — the fact
that the value of correlation function does not depend
on the orientation of reference frames. Taking this addi-
tional requirement into account rules out local realistic
models even in situations in which standard Bell inequal-
ities allow for an explicit construction of such models [21].
In this paper, we study the physical phenomenon pre-
sented in Ref. [21]. Here, we present a method using
two Bell operators [22]. To this end, only a two-setting
and two-particle Bell experiment reproducible by local
realistic theories is needed. Such a Bell experiment also
reveals, despite appearances, the conflict between Bell-
Z˙ukowski inequality and Bell-Mermin inequality in the
sense that the Bell-Z˙ukowski inequality [23] is violated.
Our thesis is as follows. Consider two-qubit states
that, under specific settings, give correlation functions
reproducible by specific local realistic theory. Imagine
that N copies of the states can be distributed among
2N parties, in such a way that each pair of parties
shares one copy of the state. The parties perform a Bell-
Greenberger-Horne-Zeilinger (GHZ) 2N -particle experi-
ment [15, 16, 17, 18, 19, 20] on their qubits. Each of
the pairs of parties uses the measurement settings noted
above. The Bell-Mermin operator, B, for their experi-
ment does not show violation of local realism. Neverthe-
less, one find another Bell operator, which differs from B
by a numerical factor, that does show such a violation.
This phenomenon can occur when the system is in a
mixed two-qubit state. We analyze threshold visibility
for two-particle interference to reveal the conflict men-
tioned above. It is found that the threshold visibility
agrees with the value to obtain a violation of the Bell-
Z˙ukowski inequality.
2II. EXPERIMENTAL SITUATION
Consider two-qubit states:
ρa,b = V |ψ〉〈ψ|+ (1− V )ρnoise (0 ≤ V ≤ 1), (1)
where |ψ〉 is Bell state as |ψ〉 = 1√
2
(|+a; +b〉− i|−a;−b〉).
ρnoise =
1
41 is the random noise admixture. The value
of V can be interpreted as the reduction factor of the
interferometric contrast observed in the two-particle cor-
relation experiment. The states |±k〉 are eigenstates of
z-component Pauli observable σkz for the kth observer.
Here a and b are the label of parties (say Alice and
Bob). Then we have tr[ρa,bσ
a
xσ
b
x] = 0, tr[ρa,bσ
a
yσ
b
y] = 0,
tr[ρa,bσ
a
xσ
b
y ] = V , and tr[ρa,bσ
a
yσ
b
x] = V . Here σ
k
x and
σky are Pauli-spin operators for x-component and for y-
component, respectively. This set of experimental corre-
lation functions is described with the property that they
are reproducible by two-settings local realistic theories.
See the following relations along with the arguments in
[13, 14]
|tr[ρa,bσaxσbx]− tr[ρa,bσayσby] + tr[ρa,bσaxσby] + tr[ρa,bσayσbx]| = 2V ≤ 2,
|tr[ρa,bσaxσbx] + tr[ρa,bσayσby]− tr[ρa,bσaxσby] + tr[ρa,bσayσbx]| = 0 ≤ 2,
|tr[ρa,bσaxσbx] + tr[ρa,bσayσby] + tr[ρa,bσaxσby]− tr[ρa,bσayσbx]| = 0 ≤ 2,
|tr[ρa,bσaxσbx]− tr[ρa,bσayσby]− tr[ρa,bσaxσby]− tr[ρa,bσayσbx]| = 2V ≤ 2. (2)
In the following section, we will use this kind of ex-
perimental situation. Interestingly, those experimental
correlation functions can compute a violation of the Bell-
Z˙ukowski inequality. In order to do so, we will present
Bell operator method for such experimental data to re-
veal that constructed local realistic models are not ro-
tationally invariant if V > 2(2/pi)2 ≃ 0.81. Of course,
such conflict between Bell-Z˙ukowski inequality and Bell-
Mermin inequality is derived only from actually mea-
sured data which is modeled by two-settings local realis-
tic theories.
III. CONFLICT BETWEEN LOCAL REALISM
AND QUANTUM MECHANICS
Let N2N be {1, 2, . . . , 2N}. Imagine that N copies
of the states introduced in the preceding section can be
distributed among 2N parties, in such a way that each
pair of parties shares one copy of the state
ρ⊗N = ρ1,2 ⊗ ρ3,4 ⊗ · · · ⊗ ρN−1,N︸ ︷︷ ︸
N
. (3)
Suppose that spatially separated 2N observers perform
measurements on each of 2N particles. The decision pro-
cesses for choosing measurement observables are space-
like separated.
We assume that a two-orthogonal-setting Bell-GHZ
2N -particle correlation experiment is performed. We
choose measurement observables such that
Ak = σ
k
x, A
′
k = σ
k
y . (4)
Namely, each of the pairs of parties uses measurement
settings such that they can check the condition (2).
Therefore, it should be that given 22N correlation func-
tions are described with the property that they are re-
producible by two-settings local realistic theories.
Bell-Mermin operatorsBN2N and B
′
N2N
(defined as fol-
lows) do not show any violation of local realism as shown
below.
Let f(x, y) denote the function 1√
2
e−ipi/4(x+iy), x, y ∈
R. f(x, y) is invertible as x = ℜf − ℑf, y = ℜf + ℑf .
Bell-Mermin operators BN2N and B
′
N2N
are defined by
[18, 19, 20, 24] f(BN2N , B
′
N2N
) = ⊗2Nk=1f(Ak, A′k). Bell-
Mermin inequality can be expressed as [24]
|〈BN2N 〉| ≤ 1, |〈B′N2N 〉| ≤ 1, (5)
where BN2N and B
′
N2N
are Bell-Mermin operators de-
fined by
f(BN2N , B
′
N2N
) = ⊗2Nk=1f(Ak, A′k). (6)
We also define Bα for any subset α ⊂ N2N by
f(Bα, B
′
α) = ⊗k∈αf(Ak, A′k). (7)
It is easy to see that, when α, β(⊂ N2N ) are disjoint,
f(Bα∪β , B′α∪β) = f(Bα, B
′
α)⊗ f(Bβ , B′β), (8)
which leads to following equations,
Bα∪β = (1/2)Bα ⊗ (Bβ +B′β) + (1/2)B′α ⊗ (Bβ −B′β),
B′α∪β = (1/2)B
′
α ⊗ (B′β +Bβ) + (1/2)Bα ⊗ (B′β −Bβ).
(9)
In specific operators Ak, A
′
k given in Eq. (4), where σ
k
x =
|+k〉〈−k| + |−k〉〈+k| and σky = −i|+k〉〈−k| + i|−k〉〈+k|,
3we have (cf. [25])
f(Ak, A
′
k) = (e
−ipi4 /
√
2)(σkx + iσ
k
y )
= e−i
pi
4
√
2|+k〉〈−k| (10)
and
f(BN2N , B
′
N2N
) = ⊗2Nk=1f(Ak, A′k)
= e−i
2Npi
4 2N ⊗2Nk=1 |+k〉〈−k|
= e−i
2Npi
4 2N |+⊗2N 〉〈−⊗2N |. (11)
Hence we obtain
BN2N = 2
(2N−1)/2(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |), (12)
where e−i
(2N−1)pi
4 |+⊗2N 〉 = |1⊗2N〉. Here the states |Ψ±0 〉
are Greenberger-Horne-Zeilinger (GHZ) states [26], i.e.,
|Ψ±0 〉 =
1√
2
(|0⊗2N〉 ± |1⊗2N 〉). (13)
Measurements on each of 2N particles enable them
to obtain 22N correlation functions. Thus, they get an
average value of specific Bell-Mermin operator given in
Eq. (12). According to Eq. (9), we obtain
〈BN2N 〉 = 〈B′N2N 〉 =
N∏
i=2
〈B{i−1,i}〉 = V N (≤ 1). (14)
Clearly, Bell-Mermin operators, BN2N and B
′
N2N
, for
their experiment do not show any violation of local real-
ism as we have mentioned above.
Nevertheless, one can find 2N -partite Bell operator,
which one may call Bell-Z˙ukowski operator Z2N , which
differs from BN2N only by a numerical factor, that does
show such a violation. Bell-Z˙ukowski operator Z2N is as
(cf. Appendix A, Eq. (A22))
Z2N =
1
2
(pi
2
)2N
(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |). (15)
Clearly, we see that Bell-Mermin operator given in
Eq. (12) is connected to Bell-Z˙ukowski operator Z2N in
the following relation
Z2N =
1
2
(pi
2
)2N 1
2(2N−1)/2
BN2N . (16)
One can see that specific two settings Bell 2N -particle ex-
periment in question computes an average value of Bell-
Z˙ukowski operator 〈Z2N 〉 via an average value of 〈BN2N 〉.
Therefore, from the Bell-Z˙ukowski inequality
|〈Z2N 〉| ≤ 1, we have a condition on the average
value of Bell-Mermin operator 〈BN2N 〉 which is written
by
|〈BN2N 〉| ≤ 2
(
2
pi
)2N
2(2N−1)/2. (17)
Please notice that the Bell-Z˙ukowski inequality |〈Z2N 〉| ≤
1 is derived under the assumption that there are prede-
termined ‘hidden’ results of the measurement for all di-
rections in the rotation plane for the system in a state.
On the other hand, Bell-Mermin inequality is derived un-
der the assumption that there are predetermined ‘hidden’
results of the measurement for two directions for the sys-
tem in a state. Thus, Bell-Z˙ukowski inequality governs
rotationally invariant descriptions while Bell-Mermin in-
equality does not.
When N ≥ 2 and V is given by(
2
(
2
pi
)2N
2(2N−1)/2
)1/N
< V ≤ 1, (18)
one can compute a violation of the Bell-Z˙ukowski inequal-
ity |〈Z2N 〉| ≤ 1, that is, the explicit local realistic models
are not rotationally invariant. The condition (18) says
that threshold visibility decreases when the number of
copies N increases. In extreme situation, when N →∞,
we have desired condition V > 2(2/pi)2 to show the con-
flict in question. It agrees with the value to get a violation
of the Bell-Z˙ukowski inequality. (It also agrees with the
value to get a violation of the generalized Bell inequality
presented in Ref. [21].)
Thus the given example using two-qubit states reveals
the violation of the Bell-Z˙ukowski inequality. The inter-
esting point is that all the information to get the vio-
lation of the Bell-Z˙ukowski inequality can be obtained
only by a two-setting and two-particle Bell experiment
reproducible by two-settings local realistic theories.
It presents a quantum-state measurement situation
that admits local realist descriptions for the given ap-
paratus settings, but no local realist descriptions which
are rotationally invariant, even though the experiment
should be ruled by rotationally invariant laws. There is
no local realist theory for the experiment as a whole and
so such a descriptions is only possible for certain setting.
What the result illustrates is that there is a further
division among the measurement settings, those that ad-
mit rotational invariant local realist models and those
that do not. This is another manifestation of the un-
derlying contextual nature of realist theories of quantum
experiments.
IV. SUMMARY
In summary, we have presented a Bell operator
method. This approach provides a means to check if
the explicit model is rotationally invariant, i.e., if a con-
flict between Bell-Z˙ukowski inequality and Bell-Mermin
inequality occurs. Our argument relies only on a two-
setting and two-particle Bell experiment reproducible by
a local realistic theory which is not rotationally invariant.
Given a two-setting and two-particle Bell experiment re-
producible by specific local realistic theory, one can com-
pute a violation of Bell-Z˙ukowkski inequality. Measured
4data indicates that the explicit local realistic models are
not rotationally invariant. Thus, the conflict between
Bell-Z˙ukowski inequality and Bell-Mermin inequality is,
despite appearances, revealed.
This phenomenon can occur when the system is in a
mixed state. We also analyzed the threshold visibility
for two-particle interference in order to bring about the
phenomenon. The threshold visibility agrees well with
the value to obtain a violation of the Bell-Z˙ukowski in-
equality.
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APPENDIX A: BELL-Z˙UKOWSKI INEQUALITY
Let us review the Bell-Z˙ukowski inequality proposed
in Ref. [23]. Let L(H) be the space of Hermitian opera-
tors acting on a finite-dimensional Hilbert space H , and
T (H) be the space of density operators acting on the
Hilbert space H . Namely, T (H) = {ρ|ρ ∈ L(H) ∧ ρ ≥
0 ∧ tr[ρ] = 1}. We also consider a classical probability
space (Ω,Σ,Mρ), where Ω is a nonempty space, Σ is a
σ-algebra of subsets of Ω, andMρ is a σ-additive normal-
ized measure on Σ such that Mρ(Ω) = 1. The subscript
ρ expresses following meaning. The probability measure
Mρ is determined uniquely when a state ρ is specified.
Consider a quantum state ρ in T (⊗nk=1Hk), where
Hk represents the Hilbert space with respect to party
k ∈ Nn(= {1, 2, . . . , n}). Then we can define measurable
functions fk : ok, ω 7→ fk(ok, ω) ∈ [I(ok), S(ok)], ok ∈
L(Hk), ω ∈ Ω. Here S(ok) and I(ok) are the supremum
and the infimum of the spectrum of ok ∈ L(Hk), respec-
tively. Those functions fk(ok, ω) must not depend on the
choices of v’s on the other sites in Nn\{k}. Using the
functions fk, we define a quantum correlation function
which admits a local realistic model [27].
Definition 1. A quantum correlation function tr[ρ⊗nk=1
ok] is said to admit a local realistic model if and only if
there exist a classical probability space (Ω,Σ,Mρ) and a
set of functions f1, f2, . . . , fn, such that∫
Ω
Mρ(dω)
n∏
k=1
fk(ok, ω) = tr[ρ⊗nk=1 ok] (A1)
for a Hermitian operator ⊗nk=1ok, where ok ∈ L(Hk).
Note that there are several (noncommuting) observables
per site, however above definition is available for just one
ok per site.
We consider a situation where each of the n spatially
separated observers has infinite number of settings of
measurements (in the xy plane) to choose from. The
operation of each of the measuring apparatuses is con-
trolled by a knob. The knob sets a parameter φ. An
apparatus performs measurements of a Hermitian op-
erator σφ on two-dimensional space with two eigenval-
ues ±1. The corresponding eigenstates are defined as
|±;φ〉 = (1/√2)(|1〉 ± e(iφ)|0〉). The local phases that
they are allowed to set are chosen as 0 ≤ φk < pi for
the kth observer. The Bell-Z˙ukowski inequality can be
written as
|〈Zn〉| ≤ 1, (A2)
where the corresponding Bell operator Zn is
Zn =
(
1
2n
)∫ pi
0
dφ1 · · ·
∫ pi
0
dφn cos
(
n∑
k=1
φk
)
⊗nk=1 σφk ,
(A3)
where
σφk = e
−iφk |1k〉〈0k|+ eiφk |0k〉〈1k|, k ∈ Nn. (A4)
Bell-Z˙ukowski operator Zn is a sum of infinite number of
Hermitian operators, except for fixed number 1/(2n). We
shall mention why Zn given in Eq. (A3) is a Bell operator
when Eq. (A2) is a Bell inequality as follows.
Let us assume that all of quantum correlation functions
(every setting lies in xy plane) admit a local realistic
model. Here each party k performs locally measurements
on an arbitrary single state ρ.
Then, according to Definition 1 (Eq. (A1)), there ex-
ists a classical probability space (Ω,Σ,Mρ) related to the
state in question ρ. And there exists a set of functions
f1, f2, . . . , fn(∈ [−1, 1]) such that∫
Ω
Mρ(dω)
n∏
k=1
fk(σφk , ω) = tr[ρ⊗nk=1 σφk ] (A5)
for every 0 ≤ φk < pi, k ∈ Nn. Hence an expectation
of a sum of infinite number of Hermitian operators (i.e.,
2nZn) is bounded by the possible values of
S(∞,n)ω =
∫ pi
0
dφ1 · · ·
∫ pi
0
dφn
[
cos
(
n∑
k=1
φk
)
n∏
k=1
fk(σφk , ω)
]
= ℜ
(
n∏
k=1
z′k
)
, (A6)
where z′k =
∫ pi
0
dφkfk(σφk , ω) exp
(
iφk
)
.
Let us derive an upper bound of S
(∞,n)
ω . We may as-
sume fk = ±1. Let us analyze the structure of the fol-
lowing integral
z′k =
∫ pi
0
dφkfk(σφk , ω) exp
(
iφk
)
=
∫ pi
0
dφkfk(σφk , ω)(cosφ
k + i sinφk). (A7)
5Notice that Eq. (A7) is a sum of the following integrals:∫ pi
0
dφkfk(φ
k, ω) cosφk (A8)
and ∫ pi
0
dφkfk(φ
k, ω) sinφk. (A9)
We deal here with integrals, or rather scalar products of
fk(φ
k, ω) with two orthogonal functions. One has∫ pi
0
dφk cosφk sinφk = 0. (A10)
The normalized functions 1√
pi/2
cosφk and 1√
pi/2
sinφk
form a basis of a real two-dimensional functional space,
which we shall call S(2). Note further that any function
in S(2) is of the form
A
1√
pi/2
cosφk +B
1√
pi/2
sinφk, (A11)
where A and B are constants, and that any normalized
function in S(2) is given by
cosψ
1√
pi/2
cosφk + sinψ
1√
pi/2
sinφk
=
1√
pi/2
cos(φk − ψ). (A12)
The norm ‖f ||k ‖ of the projection of fk into the space
S(2) is given by the maximal possible value of the scalar
product fk with any normalized function belonging to
S(2), that is
‖f ||k ‖ = maxψ
∫ pi
0
dφkfk(φ
k, ω)
1√
pi/2
cos(φk − ψ). (A13)
Because |fk(φk, ω)| = 1, one has ‖f ||k ‖ ≤ 2/
√
pi/2. Since
1√
pi/2
cosφk and 1√
pi/2
sinφk are two orthogonal basis
functions in S(2), one has∫ pi
0
dφkfk(φ
k, ω)
1√
pi/2
cosφk = cosβk‖f ||k ‖ (A14)
and ∫ pi
0
dφkfk(φ
k, ω)
1√
pi/2
sinφk = sinβk‖f ||k ‖, (A15)
where βk is some angle. Using this fact, one can put the
value of (A7) into the following form
z′k =
√
pi/2‖f ||k ‖(cosβk + i sinβk)
=
√
pi/2‖f ||k ‖ exp (iβk) . (A16)
Therefore, since ‖f ||k ‖ ≤ 2/
√
pi/2, the maximal value of
|z′k| is 2. Hence, we have |
∏n
k=1 z
′
k| ≤ 2n. Then we get
|S(∞,n)ω | ≤ 2n. (A17)
Let E(·) represent an expectation on the classical prob-
ability space. If we integrate this relation (A17) under
normalized measure Mρ(dω) over a space Ω, we obtain
the relation (A2). Here we have used the relation that
E(S
(∞,n)
ω ) = 2ntr[ρZn] (see Eq. (A5)). Therefore, we
have proven the Bell-Z˙ukowski inequality (A2) from an
assumption. The assumption is that all of infinite num-
ber of quantum correlation functions (every setting lies
in xy plane) admit a local realistic model.
Let us consider matrix elements of Bell-Z˙ukowski op-
erator Zn as given in Eq. (A3) on using GHZ basis
|Ψ±j 〉 =
1√
2
(|j〉|0〉 ± |2n−1 − j − 1〉|1〉), (A18)
where j = j1j2 · · · jn−1 is understood in binary notation.
It is clear that no off-diagonal element appears, because
of the form of the operator σφk as given in Eq. (A4).
Let β be a subset β ⊂ Nn and l(β) be an integer
l1 · · · ln in the binary notation with lm = 1 for m ∈ β
and lm = 0 otherwise. And let j(β) be an integer binary-
represented by l1 · · · ln−1. Then we define a two-to-one
function g : β 7→ g(β) ∈ {0}∪N2(n−1)−1 where g(β) takes
the values j(β) and 2n−1−j(β)−1, respectively, for even
and odd values of l(β).
In what follows, we show that 〈Φ±g(α)|Zn|Φ±g(α)〉 = 0 for
any subset α ⊂ Nn when α 6= ∅,Nn. We also show that
〈Ψ±g(α)|Zn|Ψ±g(α)〉 = ± 1√2
(
pi
2
)n
when α = ∅ or α = Nn.
When α = ∅ or α = Nn, we have
2n〈Ψ±0 |Zn|Ψ±0 〉
= ±
∫ pi
0
dφ1 · · ·
∫ pi
0
dφn cos2
(
n∑
k=1
φk
)
= ±1
2
∫ pi
0
dφ1 · · ·
∫ pi
0
dφn
[
1 + cos
(
2
n∑
k=1
φk
)]
= ±1
2
ℜ
{∫ pi
0
dφ1 · · ·
∫ pi
0
dφn
[
1 + exp
(
2i
n∑
k=1
φk
)]}
= ±pi
n
2
± 1
2
ℜ
(
n∏
k=1
∫ pi
0
dφk exp
(
2iφk
))
.
(A19)
Since
∫ pi
0
dφk exp
(
2iφk
)
= 0, k ∈ Nn, the last term van-
ishes. Hence we get
〈Ψ±0 |Zn|Ψ±0 〉 = ±
1
2
(pi
2
)n
. (A20)
On the other hand, when α 6= ∅,Nn, we obtain
62n|〈Φ±g(α)|Zn|Φ±g(α)〉| =
∫ pi
0
dφ1 · · ·
∫ pi
0
dφn cos

∑
k∈α
φk +
∑
k∈Nn\α
φk

 × cos

∑
k∈α
φk −
∑
k∈Nn\α
φk


=
1
2
∫ pi
0
dφ1 · · ·
∫ pi
0
dφn

cos
(
2
∑
k∈α
φk
)
+ cos

2 ∑
k∈Nn\α
φk




=
pi|Nn\α|
2
ℜ
(∏
k∈α
∫ pi
0
dφk exp
(
2iφk
))
+
pi|α|
2
ℜ

 ∏
k∈Nn\α
∫ pi
0
dφk exp
(
2iφk
) .
(A21)
Since
∫ pi
0
dφk exp
(
2iφk
)
= 0, k ∈ Nn, the last two terms
vanish.
Hence, Bell operator Zn as given in Eq. (A3) can be
rewritten as
Zn =
1
2
(pi
2
)n
(|Ψ+0 〉〈Ψ+0 | − |Ψ−0 〉〈Ψ−0 |). (A22)
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